In this article we first make a scale analysis of the four kinds of disturbances, i. e., the long waves, the north-south elongated long waves, the ultra-long waves, and the east-west elongated long waves, and then present the first approximation equations of motion for the respective disturbances.
Introduction
According to the observational findings by SALTZMAN and FLEISHER (1960) , WINSTON and KRUEGER (1961), and NIELSEN (1959) , in an average over a long period of time the two terms, the interaction between kinetic and available potential energy of the disturbances and the interaction between the zonal mean available potential energy and the eddy available potential energy, are one order of magnitude larger than the kinetic energy interaction between the disturbances and the associated zonal mean motion.
No satisfactory measurement of the interaction between the zonal mean kinetic and available potential energy has thus far been available.
However, we anticipate with some confidence that this interaction term is of the same order as the interaction of kinetic energy between the zonal mean motion and the disturbances.
The measurements cited above would throw light on the general circulation in the atmosphere.
Considering the relative importance of the energy interaction terms, it may well be said that, in as much as we concern ourselves with the energetics of the zonal mean motion, kinetic energy is of less importance in comparison with available potential energy.
As for the energetics of the disturbances, however, kinetic energy is as important as the available potential energy.
How are we to explain, from a theoretical point of view, the relative importance of the various energy interaction terms in the atmosphere ? The greater part of this 104T.
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Based upon a scale analysis, CHARNEY (1948) derived the first approximation equations for disturbances whose horizontal size is 10 m. These are known as the quasi-geostrophic system. Recently AIHARA (1962) , and also KIKUCHI (1962) pointed out independently in the course of the numerical experiment of the model atmosphere composed of a few selected Fourier components based upon the quasi-geostrophic system that the various energy interaction terms systematically change their values with a time period of about two weeks, and their magnitudes are always of the same order. It would thereforce appear that the quasi-geostrophic system, which is derived for disturbances of the size of 106 m, is somewhat inconvenient in explaining the relative importance of the interaction terms in the actual atmosphere.
Then we come to the problem as to what kinds of disturbances, the motion of which is governed by the associated first approximation equations, can best explain the energy balance in the atmosphere.
Denoting the east-west length by L1 and north-south length by L2, the horizontal extension of any atmospheric disturbance can probably be defined by the combination of L, and L2. Since we are only interested in large-scale disturbances, we assume both L1 and L2 are not smaller than 106 m. We also imagine that the largest value of L1, as well as L2, is of the order 107 m, which is comparable with the radius of the earth.
Even though there are many varieties of large-scale atmospheric disturbances, we shall for simplicity classify them into four categories : (1) m, (2) Li =106 m, L2=107 m, (3) L1=L2=-107 m, (4) L1=107m, L2=106 m.
Our next concern is to do the scale analysis, and to derive the first approximation equations of motion for each disturbance.
It may be of interest to see what these approximation equations imply about the energetics of the corresponding disturbances.
Non-dimensional
form of the equations of motion It may be of use to separate the scale analysis of the disturbances, which refer to the deviation from the zonal mean, from that of the associated zonal mean motion. We shall do this to include in our discussions a plausible case in which the northsouth extension of the disturbances considered is not the same as that of the zonal mean motion.
To make the matter simple we shall use Cartesian coordinates x (towards the east) and y (towards the north).
Next, the original equations of motion will be divided into two sets-one set obtained by averaging the equations of motion with respect to x, and another set by subtracting this averaged set from the original set. Introducing the notation ( ) to indicate the zonal mean and ( )' to indicate the departure from it, the complete set for the zonal motion may be written as the following five equations :
where çb represents a stream function, X a velocity potential, F the frictional force per unit mass, q the rate of addition of heat per unit mass, 0 the potential temperature, and P is equal to 1000 mb.
Another set of the equations of motion may be obtained by subtracting (2,1)--(2.5) from the original set of equations not presented here. This set can be expressed as where the departure of the product of any two quantities, (uv)' for instance, has the form We assume hydrostatic balance :
By using (2. 12), the potential temperature 0 may be expressed in the form Equations (2.1) through (2.12) are quite general, since the only assumption so far made is that of hydrostatic balance (2.12).
In other words our system may 106T.
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A simple method to do this is based on the introduction of non-dimensional forms of (2. 1)-(2. 10) and the comparison of the relative magnitude of each term in the equations-that is, the scale analysis of the large-scale atmospheric motions.
We shall use U=10 m sec-1 and P=1000 mb as the scaling units for wind speed and pressure respectively.
Denoting the unit of the horizontal distance of the zonal mean motion by Lz, non-dimensional zonal variables are defined by where the symbol ( ) is used to express the dimensional quantities.
The time scale LzIU is about 10 days for a zonal motion whose size is 107 m (approximately the distance from the pole to the equator), and is about 1 day for Lz.106 m. It is a common experience that the zonal mean wind varies very smoothly with latitude with the single maximum speed somewhere in the middle latitudes, and thus, in most cases, the time scale is 10 days. We are of course interested in the time unit of 1 day, because the rather rapid changing zonal motion with this time scale seems to be important in meteorology, as was pointed out by BJERKNES (1955) . Anyhow it is our intension to exclude all possible fast changing zonal motions, including gravity waves, by the use of the time unit defined by LzfU.
Next we need to define the non-dimensional primed variables. The horizontal size of the atmospheric disturbance can well be expressed by its east-west extension L1 and its north-south extension L2. It may be desirable to do the scale analysis for any combination of L1 and L2, because there are many varieties of large-scale disturbances in the atmosphere.
In this paper, however, we shall confine our discussions to the simplest case where the atmospheric disturbances are classified into the following four categories : CHARNEY (1948) made the scale analysis for the first type of disturbances and derived as a first approximation the so-called quasi-geostrophic system. In this system, the vorticity equation (2. 6) is approximated to be the quasi-geostrophic vorticity equation, the divergence equation (2. 7) to be the balance equation giving geostrophic wind, and the thermal equation (2. 8) is modified into a simple form in which the static stability is a function of pressure alone. In this paper we will call, for the sake of convenience, this disturbance having Li = L2=106 m as the long waves. On the weather maps we sometimes observe that the north-south extension of the disturbances is much larger than the east-west extension.
This kind of disturbances will be the second type listed above.
It may be interesting to derive the first approximation equations for this kind of disturbance. We shall use the term the " north-south elongated long waves " to represent the second type of disturbances.
Likewise we shall call the fourth type as the " east-west elongated long waves ". In case of the third type, both east-west and north-south extensions of the disturbance are comparable with the radius of the earth.
Such large disturbances are usually called as the " ultra -long waves " . Recently BURGER (1958) and NIELSEN (1961) studied the dynamic behavior of the ultra-long waves. Now we are ready to define the nondimensional primed variables as follows :
Next we will non-dimensionalize the geopotential 0 by in which Os is the normal isobaric height at each constant isobaric level and is a function only of pressure. changes its value with respect to y, p, and t, and has been made nondimensional through the factor t.-1-U2 where t is the Rossby number for the zonal mean motion and is defined by /' is a function of x, y, p and t, and its nondimensional factor is c-1 U2, where being the Rossby number of the disturbances, is defined by Here the order of magnitude of F, F', and q' has not been decided as yet. Since we do not know much about the frictional force and the nonadiabatic heating in the atmosphere, it is very hard to estimate the size of these quantities. The scaling unit U2/L measures the magnitude of the horizontal advection terms in the primitive equations of motion.
Thus the nondimensional friction, LiFIU2, is larger than unity when the frictional force is large in comparison with the horizontal advection of momentum.
In the free atmosphere away from the surface boundary layer, however, nondimensional friction F is considered to be equal to, or less than, unity.
We also assume that the magnitude of nondimensional heating q is less than unity, which of the Large-scale Atmospheric Disturbances 109 corresponds to a temperature change of about 3°C per day. In other words, we will exclude in the following discussions the case where q is much larger than unity.
All quantities appearing in the equations (2.1)-(2.10) have been nondimensionalized.
Then the system of equations (2.1)-(2.5) may be written in nondimensional form as follows Likewise, the nondimensional form of (2.6)-(2.10) may be written as follows : 
The reason for this is not that the boundary conditions are considered to be of no importance, but we want to isolate the internal dynamical factors which control the motion of the atmospheric large-scale disturbances.
We are now planning to discuss, in the near future, the effect of the boundary conditions upon the motion by using a-coordinate in which 0-=-4/7r, a-being the surface pressure, is used as the vertical coordinate instead of p.
3. The scale analysis of the long waves and the associated zonal mean motion Since many writers have so far made a scale analysis of the long waves (e. g., CHARNEY (1948) MAGATA (1961)), we already have enough information about it. The reason for preparing this section is mainly to make a check of our nondimensional system given in (2. 30)-(2. 39).
In this case, the nondimensional parameters defined in the previous section have the following values :
If we assign Lz to be equal to 106 in as most people do, the time scale of zonal mean motion LzIU becomes one day. Then the rest of the nondimensional parameters will be as follows :
Judging from the list given above, we can choose the Rossby number 6 as the fundamental parameter.
We now expand all nondimensional parameters appearing in (2. 30)-(2. 39) into a series of e ; for instance (3.1) --=7;10+Eni+62172+......
We require that the above expressions for all quantities should satisfy (2. 30)-(2. 39) identically e., we equate the combined coefficient of 6°, 61, E2, etc. to zero.
The zero-order term in the system of the equations for the zonal mean motion may be obtained as follows :
If we regard sin co as a constant with respect to Y, we will obtain from (3. 3) and (3. 6) the geostrophic relation
The zero-order system for the disturbances is given by where 4 represents nondimensional Laplacian.
Assuming sin co to be a constant, (3. 9) and (3. 12) will give the geostrophic relation, which is XIII No. 2 This relation undoubtedly satisfies the condition (3. 11). Perhaps no solution to satisfy 3. 9), (3. 12) together with (3. 11) is possible, if sin CD is treated as a function of y.
Now we proceed to the e-order system. For the zonal mean motion we obtain
For the disturbances, it follows
An addition of (3. 14) and (3. 19) will give the quasi-geostrophic vorticity equation, first proposed by CHARNEY (1948) . All terms, except the divergence term, are expressed by the geostrophic wind. These vorticity equations also reveal that there are no term expressing the vertical advection of momentum, i. e., the vertical advection term is of one order of magnitude less than each term in (3. 14) and (3. 19). Both equations (3. 15) and (3. 20) are the diagnostic equations by which we estimate the s-order stream function -01 and 01'. The thermal equations (3. 16) and (3. 21) have a special form, such that the static stability aosiap is a function of pressure alone, and there is no effect due to the vertical advection of sensible heat.
It may not be difficult to derive the energy equation for this s-order system. The results are
In the above equations T is identically equal to t, and Y equal to y. I(Az, Kz), Alfz, KE), I(Az, AE) and I(AE, KE) appear twice with opposite signs, indicating that these terms measure the redistribution of energy among the various forms studied.
For instance, I(Kz, KE) can be regarded as the interaction of kinetic energy between the zonal mean motion and the long waves. Seeing (3. 24)-(3. 27) , we will anticipate that the four interaction terms I(Az, Kz), I(Kz, KE), I(Az, AE) and I(AE, KE) are of the same order of magnitude. This is because of the fact that these interaction terms are originated from the s-order governing equations (3. 14)-(3. 21) in which the relative magnitude of each term is the same, and because of our expectation that by performing the space integration as we did to derive (3. 28)-(3. 31) such equality in the order of magnitude does not change systematically.
Recently AIHARA (1962), and also KIKUCHI (1962) sec-1 cm-2 mb-1. WINSTON and KRUEGER (1961) measured the value of I(Az, AE) for the period from December 21, 1958 to January 31, 1959, the magnitude being about 1. 5 ergs sec-1 cm-2 mb-1. Judging from these findings, we are led to the conclusion that I(Kz, KE) is, in an average over a long period of time, one order of magnitude less than I(Az, AE) and I(AE, Ks). No satisfactory measurement of I(Az, Kz) has thus far been available.
However, it can be guessed not without reason that I(Az, Kz) is of the same order as I(Ifz, KO.
Accordingly it has been recognized that the quasi-geostrophic equations (3. 14)-(3. 23), which are derived for the disturbances of the size 106 m, are somewhat inconvenient in explaining the relative importance of the various energy interaction terms in the actual atmosphere, even though we did not discuss the time integration of (3. 28)-(3. 31). Then the question arises as to what kinds of disturbances and their associated zonal mean motion can best explain the energy balance in the atmosphere.
We will examine this question in the next section.
Scale analysis
of the north-south elongated long waves and the associated zonal mean motion By the north-south elongated long waves we here mean the disturbances whose north-south extension is larger than their east-west extension. It is our experience on the weather maps that the troughs and ridges happen to be elongated in the northsouth direction.
On the other hand, a perturbation analysis of the 2-level model made by PHILLIPS (1954) reveals that, denoting the east-west wave number by k and the north-south one by p, the instability criterion can be determined by k2d-p2, and the growth rate is in proportion to ekt, so that the most amplifying wave is found to be p=1 with the value of k about 6. This theoretical results may be of use in explain- We now expand all nondimensional quantities in (2. 30)-(2. 39) into a series of the Rossby number e, as we did in (3. 1). Then we equate the combined coefficient of E0, e e2, etc., to zero.
The zero-order system for the zonal mean motion may be expressed by the following five equations :
In deriving (4. 3) we put 0)0/.0. This will be shown later.
It is easy to rewrite (4. 1) and (4. 2) into the forms :
With the assumption that the integral constants of the above equations are zero, we will obtain the geostrophic relation.
(4.8)
in which we should regard sin so as a function of Y. Accordingly, the zero-order system for the zonal mean motion may be summarized as follows :
where we omittedfor the sake of simplicity.
It is possible to write down the zero-order system for the disturbances in the following forms :
in which sin co can be treated as a function of y.
It is of interest to present the s-order system, which may be expressed as follows.
For the zonal mean motion,
For the north-south elongated waves,
We observe in (4. 16) and (4. 17) that the zonal mean vorticity and divergence equations are again the diagnostic equations from which we estimate x, and cb 1. When neglecting Pr , and in these equations, we will obtain the geostrophic relations, these are Inserting this relation (4. 18), the prognostic equation of the zonal mean temperature becomes That is, the change of the zonal mean temperature depends either on the sensible heat flux due to disturbances (in this case, the north-south elongated long waves) or on nonadiabatic heating.
Anyhow, the outstanding features we note for the zonal mean motion are (1) the only prognostic equation is the thermal equation (4. 18), (2) the zonal mean vorticity equation, as well as the divergence equation, is only the diagnostic equation. This is because of the fact that the momentum transfer due to disturbances is very small.
In the case of the long waves, however, we observed in (3. 14) and (3. 16) that both the thermal equation and the zonal mean vorticity equation are the prognostic equation, and the momentum flux is as important as the sensible heat flux due to disturbances.
Next we shall take a look at the set of equations for the disturbances. The vorticity equation given in (4. 21) has a very simple form, such that there is no term expressing the north-south advection of the zero-order vorticity. The divergence equation (4. 22) again gives the geostrophic relation for the 6-order stream function, XIII No. 2 in as much as we omit the frictional effect. Eliminating the left hand terms in (4.21) and (4. 23) we can get a differential equation for of. The third term on the righthand side of (4. 23) depends upon the north-south variation of the static stability, which makes the of-equation slightly more complicated than usually used.
Next we will examine the energetics of the s-order system (4. 16)-(4. 25). Since du-is assumed to be zero, the rate of change of the zonal mean available potential energy can be written in the form where use was made of (4. 16). The rate of change of the kinetic energy of the disturbances is obtained in the form Making use of the continuity equation (4. 24), the rate of change of the eddy available potential energy can be written as If we neglect the friction and nonadiabatic heating, we will immediately arrive at the conclusion that the sum of the zonal mean available potential Az, the eddy kinetic energy KE, and the eddy available potential energy AE do not change with time-the conservation of total energy. An interesting thing we note here is the fact that the zonal mean kinetic energy Kz does not take part in the energetics of this s-order system.
If we go up to the more detailed system of e3-order, we will find that the interactions between Kz and KE and between Kz and Az appear first. To show this, it will be enough to discuss the E2-and E3-order zonal mean vorticity equations. The E2-order zonal mean vorticity equation may be obtained from (2. 30) in the form As can be seen in (4. 9) and (4. 12), there is no time change of cbo. Accordingly the left-hand term of (4. 31) is always zero, and thus the above equation is reduced to the diagnostic equation to deterime X2.
It is of interest to present the S3-order zonal mean vorticity equation.
This is given by where we assumed 01 (or (-51) to be zero as we did in (4.26). This equation reveals that the rate of change of zonal mean vorticity depends either on the momentum flux due to disturbances in question or on the mean meridional current v3. We also note that the equation (4. 32) is not the prognostic equation for cbi, but only the diagnostic equation to estimate D3, because we already know the rate of change of cb, by solving (4. 26) and (4. 27). Eliminating the left-hand terms of (4. 27) and (4. 32), we will obtain the differential equation for 133 in the form in which sin co should be treated as a function of Y. As is seen in (4. 14), vo' is the geostrophic wind. However, we find in (4. 25) that ttit is partly geostrophic and partly nongeostrophic.
This nongeostrophic component is related only to the vertical velocity (0,'. The vertical and north-south dependence of the mean meridional current is related to the momentum and sensible heat fluxes due to disturbances considered. The order of magnitude of the mean meridional current can be estimated by U1n31. Since 1.031 is order unity as can be appreciated in (4. 33), it turns out that the mean meridional current is about 1 cm • sec-'• This value seems to be not too small. Now we shall discuss the energetics of the zonal mean vorticity equation (4. 32). Upon multiplying both sides of (4. 32) by ( 00), the rate of change of the zonal mean kinetic energy may be obtained to be where the relation at-toiaT.o is made use of. The first term on the right represents the transfer of kinetic energy between the zonal mean motion and the disturbances, and the second term the interaction between the zonal mean kinetic and available potential energy. Anyhow, a remarkable thing is that these interaction terms appear first in the e3-order system.
In Fig. 2 is presented a schematic picture showing the relative magnitude of each interaction term for the case of the north-south elongated long waves.
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Two interaction terms, I(Kg, KE). and I(Az, Kg), are two orders of magnitude smaller than the other interaction terms of I(Ag, AE) and I(AE, KE) . In this section we made an analysis of the simplest example of the north-south elongated long waves, assuming that the north-south extension is longer than the east-west extension by ten times.
We think that, in most cases, the former is only several times longer than the latter.
If this is the case, we might get a different arrangement of the relative magnitude of each interaction term.
It may be possible to find out an ideal disturbance for which two interaction terms of I(Kz, KE) and I(Az, Kz) are one order smaller than I(Az, AE) and I(AE, KE) . However, we think it would be premature to proceed further with such theoretical analysis before we have carried out an extensive spectral analysis by using double Fourier's series with respect to longitude and latitude.
5. Scale analysis of the ultra-long waves and the associated zonal mean motion
By ultra-long waves we mean disturbances whose horizontal size is of order 107m both in the north-south and east-west directions.
As is well known, a perturbation analysis of the linearized form of (3. 19) reveals that the phase speed becomes minus infinity when the wave number approaches zero. In the actual atmosphere, we do not observe such fast retrogression of very long waves. Thus it seems unreasonable to apply (3.19) to very long waves.
In other words the quasi-geostrophic vorticity equation (3.19) is only applicable to long waves the horizontal scale of which is 106 m. We will present in this section a suitable set of equations of motion for planetary waves, and will show that there is no fast retrogression.
On the other hand, it has been known since the discussions by CHARNEY (1947) and Kuo (1949) that the ultralong waves are always stable ; there is neither barotropic nor baroclinic instability.
In this respect, we shall also examine the energetics of ultra-long waves.
In case of the ultra-long waves we will assign It may well be said that the horizontal scale of the zonal mean motion is equal to or larger than that of the associated disturbances. Thus we shall set Lz, L2 = 107 m, which is nearly equal to the distance between pole and equator. The rest of the nondimensional parameters is given as From (2,30)-(2.34) we will obtain the zero-order terms for the zonal mean motion. After short manipulation, the zero-order system can be written in the following forms :
in which sin co is a function of Y.
Likewise, the zero-order system for ultra-long waves may be obtained to be
It may not be difficult to obtain, from (5. 4) and (5. 5) , the geostrophic relation, which is where sin co should be regarded as a function of y. The zero-order vertical velocity, (00', can easily be obtained from (5. 4) and (5. 7).
The vertical velocity depends only upon the so-called fl-effect. This was first pointed out by BURGER (1958) . Due to the boundary conditions (2. 42) and (2. 43) it is required that the vertical integration of 001 from the bottom up to the top of the atmosphere should vanish, because 07 is automatically zero. Probably this requirement is not always satisfied in the actual atmosphere. It is the author's impression that this defect in the present model has probably resulted from the simplest boundary conditions (2. 42) and (2. 43). To overcome this defect, we are now planning to make the same kind of analysis by the use of a-coordinate, instead of p-coordinate.
Anyhow it is a matter of special importance in the zero-order system presented in (5. 4)-(5. 8) that, for ultra-long waves, the leading terms of the vorticity equation (2. 35) are the divergence term and the fl-term. That is, the vorticity equation reduces to the diagnostic equation by which we estimate the vertical velocity as was shown in (5. 11) .
The only prognostic equation is the thermal equation (5. 6) . Quite recently NIELSEN (1961) made a perturbation analysis of ultra-long waves by using almost the same equations as (5. 4)-(5. 8). He found that the phase speed of the perturbation is of order 10 m • sec' independent of the wave number. He also found that the 122T.
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Upon multiplying both sides of (5. 3) by 0o, and integrating throughout the domain in question, we obtain the rate of change of the zonal mean available potential energy A.
The result is Utlizing (5. 4) , (5. 5) and (5. 6) , the rate of change of the eddy available potential energy, A, may be written as
If we neglect the nonadiabatic heating, it is apparent that the sum of the zonal mean and eddy available potential energy is conserved.
This sum is, in the zeroorder system, identically equal to the total energy, because the kinetic energy does not take part at all. The first term on the right-hand side of (5. 12) is the same as the first term of (5. 13) except for the sign, indicating that this term measures the redistribution of available potential energy between the two forms studied. The increase (decrease) of AE is directly accompanied with the decrease (increase) of A. Accordingly this interaction term may be regarded as a measure of some kind of instability of ultra-long waves. They could be unstable (amplifying) when Az decreases and stable when Az increases.
Such a situation is very much similar in its nature to the barotropic instability of long waves, which occurs through an exchange of kinetic energy between the zonal mean motion and the disturbances.
It is of interest to present the I-order system.
For the zonal motion we will obtain
Since the left-hand term of (5. 14) is a known function of Y, p and T by solving (5. 3), the equation (5. 14) is nothing but the diagnostic equation to determine the mean meridional circulation (or the zonal mean vertical velocity). Eliminating the time change terms in (5. 3) and (5. 14), we will arrive at the differential equation for Di in the form Integration of the above equation will give the vertical and north-south dependence of the mean meridional current.
The magnitude of this current can be estimated by U I D, I. Since is of order unity, it turns out that the mean meridional current is about 10 cm sec-1. This value seems to be reasonable.
We will next present the s-order system for ultra-long waves.
where C' and D' are given by to the E-order non-geostrophic wind.
Multiplying both sides of (5. 14) by -cbc, and integrating over the entire atmosphere, we will obtain the rate of change of the first approximation of the zonal mean kinetic energy. This is Multiplying (5. 20) by (-0) and (5. 21) by (_X01), and integrating over the domain in question, the rate of change of the first approximation of eddy kinetic energy for ultra-long waves may be obtained in the following form :
Here we do not think it necessary to present the equations expressing the rate of change of the s-order available potential energy of the two forms.
An inspection of (5. 27) and (5. 28) reveals that the first term in both equations appears twice with opposite signs, indicating that this term measures the interaction of kinetic energy between the zonal mean 'motion and the ultra-long waves.
The second term on the right-hand side of (5. 27) may express the interaction between the first approximation zonal mean kinetic energy and the E-order zonal mean available potential energy.
Similarly the second term on the right-hand side of (5. 28) represents the interaction between the first approximation kinetic energy and the E-order available potential energy of ultra-long waves.
In Fig. 3 is presented a picture showing the relative magnitude of each interaction term for the case of ultra-long waves.
It is apparent that I(Az, Ks), I(Kz, KE) and /(AE, KE) are two orders of magnitude smaller than gAz, AE). The interaction between Kz and KE can also be interpreted as measuring the magnitude of the so-called barotropic instability, and thus the barotropic instability seems to be very small.
Likewise, the baroclinic instability of ultra-long waves, which can be measured by the interaction between KE and AE, is also very small. Therefore it would be rea- 
